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The effect of bulk fluid motion on aggregation of small particles subject to interaction
forces of the DVLO type is in®estigated. In particular, the con®ection-diffusion equation
for the probability of finding two particles at a gi®en relati®e position is sol®ed numeri-
cally for the case of an axisymmetrical linear flow field, which approximates a turbulent
flow field. The effect of bulk motion is shown to be important particularly in the case of
thick double layers, where a critical size exists abo®e which aggregation exhibits a self-
accelerating beha®ior, that is, the aggregation rate constant increases with particle size.
On the other hand, systems with thin double layers appear to be almost unaffected by
shear. An approximate criterion for distinguishing between these two cases is presented.

Introduction

Aggregation of solid particles dispersed in a fluid medium
is important in a wide variety of processes such as precipi-
tation, crystallization, and emulsion polymerization, since it
affects the particle-size distribution of the final product.
Typically, the evolution of the particle-size distribution is

Ž .modeled through a population balance equation PBE
Ž .Ramkrishna, 1985 . This is usually written using particle mass
as internal coordinate, to which particle size can be related
assuming some particle shape, for example, spherical. In the

Žcase of a purely aggregating system that is, without breakup
.and particle growth in a homogeneous vessel with constant

volume, the relevant PBE can be written as follows

­ f m , t `Ž . X X Xsy f m , t b m , m , t f m , t dmŽ . Ž . Ž .H
­ t 0

1 m
X X X X Xq b my m ,m ,t f my m ,t f m ,t dm 1Ž . Ž . Ž . Ž .H2 0

Ž .where f m,t is the number density of particles of mass m at
time t, and b is the rate constant for aggregation, which de-

Ž .pends on the size and, in general, on the shape of the two
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colliding particles, as well as on the operating conditions. Its
evaluation requires the development of appropriate physical
models, which describe in detail the aggregation process. This
can be done by considering a pair of particles and calculating
the probability of finding these two particles in a given rela-

Žtive position, that is, the pair probability function van de Ven,
.1989 . For this, a balance equation is used which accounts for

the main mechanisms affecting the relative motion of the two
particles, that is, Brownian diffusion, transport by fluid mo-
tion, and interparticle forces. External forces are not consid-
ered and particle inertia is neglected. The latter assumption

Žis justified for the small particles no larger than few mi-
.crons considered in this work. From the pair probability

function, the aggregation rate constant b can be computed
as the flux across a properly selected collision surface.

Due to the complexity of this problem, two cases are typi-
cally considered in the literature, where particle aggregation

Ž .is dominated by Brownian diffusion perikinetic or by trans-
Ž .port due to fluid motion orthokinetic .

Perikinetic aggregation
The simplest case, where aggregation of noninteracting

particles occurs by Brownian diffusion only, usually referred
to as the fast aggregation limit, was solved in the classical

Ž .work by Smoluchowski 1917 , leading to the following ex-

July 1999 Vol. 45, No. 7AIChE Journal 1383



pression for the aggregation rate constant b between two
spherical particles of radii a and a1 2

b s4p DD a q a s8p DD a 2Ž . Ž .0 1 2 0

where a indicates a characteristic particle dimension, as-
sumed equal to the arithmetic mean of the radii of the two
colliding particles, and DD is the mutual diffusion coeffi-0
cient, given by

2kT 1 1 kT 1q lŽ .
DD s q s 3Ž .0 ž /6pm a a 6pm 2 al1 2

where m is the viscosity of the dispersing medium and l is
the particle size ratio a ra .2 1

When interparticle forces are considered, b is given by the
Smoluchowski relation 2 divided by the Fuchs’ stability ratio
W. Its expression, in the general form derived by Spielman
Ž .1970 , is given by

exp VrkT` Ž .
W s2 dj 4Ž .H 2G j ,l jŽ .2

where V is the potential energy of the interparticle forces,
j s rra is the center-to-center dimensionless distance, and
Ž .G j ,l accounts for the additional resistance caused by the

squeezing of the fluid between the two approaching particles.

Orthokinetic aggregation
The case where aggregation is dominated by convection,

that is, the particles are transported by movement of the sur-
Ž .rounding fluid, was first analyzed by Smoluchowski 1917 ,

who considered noninteracting particles in a shear flow field
undisturbed by the particles themselves. The analysis was ex-

Ž .tended to a turbulent flow field by Saffman and Turner 1956 .
They assumed that particles smaller than the smallest eddies
move like in a shear flow, whose rate of shear is related to
the rate of energy dissipation through the Taylor microscale
relations. In both cases it was found that the aggregation rate
constant is proportional to the rate of shear E and the cube
of the particle characteristic dimension a through a propor-
tionality constant a , which depends on the type of shear field

Ž .considered such as extensional, 1-D simple shear, and so on

b s a a3E 5Ž .

This result can be improved by accounting for the effect of
the particles on the flow field. In the case of particles with
significantly different sizes, it is reasonable to account for the
modification in the flow field induced by the larger particle

Ž .only Pneuli et al., 1991 . Further refinements, that is, ac-
counting for the disturbance of the flow field by both parti-
cles, lead to vanishing values of the aggregation rate con-
stant, since the approaching particle velocity becomes equal

Ž .to zero at the collision surface van de Ven and Mason, 1976 .
This corresponds to the fact that at small distances the aggre-
gation behavior is governed not by convection but rather by

the short distance interaction forces, such as van der Waals
attractive forces. In more general terms, this problem has
been solved by considering DLVO type interparticle poten-
tials, which account not only for the van der Waals contribu-

Žtion, but also for electrostatic repulsive forces Verwey and
.Overbeek, 1948 . This problem was addressed by van de Ven

Ž . Ž .and Mason 1976 , Zeichner and Schowalter 1997 , and Adler
Ž .1981a,b who developed a detailed analysis of the particle
trajectories and computed numerically the aggregation rate.
Of course, when electrostatic repulsive forces are dominant,
this approach leads to vanishing values of the aggregation rate
constant.

Intermediate regimes of aggregation
The full problem, where all three mechanisms for particle

motion are included, was considered by Zeichner and
Ž . Ž .Schowalter 1977 , van de Ven and Mason 1977 , and Feke

Ž .and Schowalter 1983, 1985 . The former, following Swift and
Ž .Friedlander 1964 , obtained the overall aggregation rate as

the sum of the contributions due to perikinetic and orthoki-
netic aggregation evaluated separately. Van de Ven and Ma-

Ž .son 1977 developed a perturbation analysis of the relevant
pair probability equation with respect to a parameter repre-
senting the ratio between the convective and the diffusive
terms, that is, the Peclet number Pe. It was found that shear
enhances the aggregation rate and that this enhancement is
proportional to the square root of the Peclet number. There-
fore, the perikinetic and orthokinetic contributions are not
directly additive. This analysis was limited to very small val-
ues of Pe. The high Peclet number limit was treated by Feke

Ž .and Schowalter 1983, 1985 who expanded the same pair
probability equation with respect to the inverse of the Peclet
number. Their conclusion was that Brownian motion can ei-
ther enhance or hinder shear induced aggregation, depend-
ing upon the specific operating conditions. More recently, the
collision of drops in simple shear flow at arbitrary Pe, with
van der Waals attraction but without repulsive forces, has

Ž .been analyzed by Zinchenko and Davis 1995 .
From the earlier discussion, it appears that the behavior of

aggregating systems is well understood in the limiting situa-
tions where either the peri- or the orthokinetic mechanism
dominates. On the other hand, the behavior of these systems
is not well understood in the transition regime, where all
mechanisms for particle aggregation contribute significantly.
In this work, in order to investigate the system behavior un-
der such conditions, the pair probability equation for a sys-
tem of two spherical particles subject to interaction forces of
DLVO type, embedded in an extensional flow field, is solved
numerically. This kind of flow field was selected because it
well reproduces the structure of turbulent flow below the scale

Ž .of the smallest eddies Batchelor, 1980 , that is, at the scale
relevant for the motion of the small particles of inter-
est in this work. Although the developed model can account
for heterocoagulation, simulation results are shown only
for equal-sized particles, since also in this case the essential
features of aggregating systems are well evident. In the fol-
lowing, after discussing the main features of the developed
aggregation model, the behavior of the aggregation rate
constant is examined for various intensities of the fluid tur-
bulence, that is, the extension rate, and of the particle inter-
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action forces. The obtained results are then compared with
those obtained with the limiting models discussed above in
order to investigate the transition of the aggregating system
between the peri- and the orthokinetic mechanism.

Two Particle Aggregation Model
A system of two small spherical particles of radii a and a1 2

in a fluid medium is considered. As mentioned above, these
particles are transported by the fluid, diffuse by Brownian
motion and are subject to interaction forces, while inertial
forces can be neglected. This last assumption holds when the
particle Reynolds number is much smaller than unity, which
in practice corresponds to analyzing particles smaller than few
microns for the extensional flow field considered in the fol-
lowing or, when referring to a turbulent flow field, to parti-
cles smaller than the Kolmogorov scale h defined as

1r43n
hs 6Ž .ž /e

where e is the rate of energy dissipation of the flow field and
n is the kinematic viscosity. For such a system, the pair prob-
ability function c is governed by the following convection-
diffusion equation

­ c
s=? D=cy© cy© c 7Ž .Ž .int f­ t

where D is the diffusion tensor, while © and © are convec-int f
tive terms representing the effect of interparticle forces and
transport by fluid motion, respectively.

In terms of dimensionless interparticle, the associated
Ž .boundary conditions BCs are given by

cs0 at j s2; cs1 at j s` 8Ž .

which state that the two particles aggregate when they reach
a distance r s a q a , that is, cs0 at j s2, and that bulk1 2
conditions prevail when the two particles are at infinite sepa-
ration. The aggregation rate constant can be computed by
integrating the particle flux over the entire collision surface

Ž .S, represented by a sphere of radius a q a , as follows1 2

b s D=cy© cy© c ? n dS 9Ž .Ž .H int f
S

where n is the normal to the collision surface.
It is worth noting that in general dynamics of the relative

motion of the two particles, described by Eq. 7, is much faster
than the dynamics of the evolution of the particle size popu-
lation, described for example by Eq. 1. In other words, Eq. 7
attains pseudo-steady-state conditions with respect to both
the population balance equation and the vortex lifetime.
Therefore, in the following only the steady-state solution of
Eq. 7 and the corresponding steady-state value for b are con-
sidered. Before this, the evaluation of the two velocities ©f
and © are discussed in detail.int

(Particle transport by bulk fluid motion Batchelor and
)Green, 1972

ŽAccording to Kolmogorov theory of turbulence Hinze,
.1975 at scales smaller than the Kolmogorov microscale de-

fined by Eq. 6, the flow is governed by viscous phenomena.
Therefore, this system can be described by considering two
particles embedded in a linear flow field. Furthermore,

Ž .Batchelor 1979 indicated that a turbulent flow can be effec-
tively represented by assuming an axisymmetrical extensional
flow. With these two positions, the components of the rela-
tive particle velocity © in spherical coordinates are given byf
Ž .Batchelor and Green, 1972

1
2w x® s Eaj 1y A j ,l 3 cos u y1 10Ž . Ž . Ž .f , r 2

3
w x® sy Eaj 1y B j ,l sin u cos u 11Ž . Ž .f ,u 2

where u is the polar angle, while the azimuthal velocity com-
ponent vanishes. A bidimensional representation of these tra-

Ž .jectories is shown in Figure 1. The functions A j ,l and
Ž .B j ,l account for the effect of the presence of the particles

on the fluid motion. Rigorous expressions for these functions
are not available except for l™0. Approximate expressions
are available for l)0 in terms of asymptotic expansions for

Ž .the near and the far field only Kim and Karrila, 1991 . To
have a single expression for the whole field, algebraic expres-
sions interpolating the numerical results reported by Batche-

Ž .lor and Green 1972 for ls1 have been used in this work,
as reported in the Appendix.

Figure 1. Relative velocity of two particles embedded in
an axisymmetrical extensional flow field.
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In the previous equations E indicates the rate of exten-
sion, which is a function of the rate of energy dissipation e .
For a locally homogeneous and isotropic turbulent flow field,

Ž .the mean value of E is given by Batchelor, 1953

7 e
² :E s S 12Ž .(' n6 15

where S is a skewness factor for the distribution of E, usually
set equal to 0.6. Since only extensional fields which simulate
turbulent conditions are considered, only positive values of E
are considered in the following. It is worth noting that Eq. 12
provides only a local average value. This agrees with the Kol-
mogorov theory, but neglects the distribution of E resulting
from the intermittent, fine-scale properties of turbulence. In
other terms, the model could be improved by integrating the
aggregation rate over the spectrum of shear rates characteris-
tic of a given turbulent field.

Motion induced by interparticle forces
Colloidal interactions are usually described through the

Ž .DLVO theory Verwey and Overbeek, 1948 , which accounts
for van der Waals and electrostatic forces. The overall DLVO

Ž .potential V is given by the sum of an attractive V and aA
Ž .repulsive V contribution.R

The scaled potential energy c sV rkT due to van derA A
Waals forces for two spherical particles is expressed by the

Ž .Hamaker relation Israelachvili, 1991

Ha 8l 1 1
c j sy qŽ .A 2 2 2 2ž /6 j y4 j y4L1q lŽ .

2j y4
qln 13Ž .2 2ž /j y4L

where Ha represents the dimensionless Hamaker constant,
defined as the ratio between the Hamaker constant A and

Ž . Ž .the scaling factor kT , and Ls 1y l r 1q l . Corrections to
Ž .Eq. 13 were introduced by Schenkel and Kitchener 1960 ,

who accounted for retardation effects caused by the finite
speed of light. However, in the frame of this modeling analy-
sis, such corrections are not applied.

About the scaled potential energy of repulsion c sV rkT ,R R
electrostatic forces arise when particles are electrically
charged. In this case, the particles are surrounded by ions of
opposite sign, forming an electrical double layer, where the
distribution of counterions is given by the Poisson-Boltzmann
equation. When two equally charged particles approach each
other, their double layers overlap, leading to a repulsive force

Ž .between the two particles van de Ven, 1989 . A rigorous
treatment of this system is very difficult, since it involves the
simultaneous solution of the Poisson-Boltzmann equation
along with the convection-diffusion equation for each ionic
species and integration of the resulting stresses over the par-

Žticle surfaces. For small and constant surface potentials that
is, particles approaching each other sufficiently slow to main-

.tain electrostatic equilibrium and using Derjaguin approxi-
Ž .mation Derjaguin, 1934, 1989 , Hogg, Healy and Furstenau¨

Ž .1966 developed the following relationship

l
2c j s2p N Ha 1qFŽ . Ž .R R 21q lŽ .

=
w x2F 1qexp yk a j y2Ž .

ln2½ w x1yexp yk a j y21qF Ž .

w xqln 1yexp y2k a j y2 14� 4Ž . Ž .5
where Fsf rf is the ratio between the surface poten-s2 s1
tials, N expresses the importance of the repulsive forces rel-R

Ž .ative to the attractive ones Zeichner and Schowalter, 1977 ,
and k is the Debye-Huckel constant. The last two quantities¨
are defined as follows

2 2xf a e I Ns1 s A
N s ; k s 2 15Ž .(R A x kT

where I indicates the ionic strength and x the dielectrics
constant of the medium. Strictly speaking, Eq. 14 applies only

Žto small surface potentials and thin double layers that is,
.k a)1 . Although more rigorous expressions were developed

Ž .by Papadopoulos and Cheh 1984 and by Ohshima and
Ž .coworkers 1983, 1994 , in this analysis Eq. 14 was retained

also for k a values close to unity.
A typical behavior of the overall potential energy as a func-

tion of dimensionless particle separation is shown in Figure
2, where three cases, corresponding to unstable, moderately
stable and stable systems, are illustrated.

Figure 2. Potential energy of interaction for a stable
( ) ( )N s9.56 , a moderately stable N s3.44 ,R R

( )and an unstable system N s1.06 .R
Parameter values: as100 nm; ls1; F s1; k as10.4.
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The particle interaction force is obtained by taking the gra-
dient of the overall interaction potential c sc qc . SinceA R

Žthis is a function of the interparticle distance only, j see
.Eqs. 13 and 14 , the resulting force is directed along the line

of centers. From this, the induced velocity is evaluated as
Ž .follows Batchelor, 1976

2F 1q lŽ .int
© s G j ,l sy DD =c G j ,l 16Ž . Ž . Ž .int 06pm 2 al

Ž . Ž .where G j ,l is given as an infinite series Spielman, 1970 .
In this work the approximate expression developed by Honig

Ž .et al. 1971 for ls1, was used as reported in the Appendix.

Motion induced by Brownian diffusion
The diffusion term is treated here following Batchelor

Ž .1976 , who determined the hydrodynamic corrections to the
diffusion coefficient supposing the existence of a fictitious
Brownian force which acts on both particles with the same
magnitude, but with opposite direction. This leads to the fol-
lowing expressions for the radial and polar components of
the diffusion tensor

DD s DD G j ,l ; DD s DD H j ,l 17Ž . Ž . Ž .r 0 u 0

Since, as discussed below, tangential diffusion will not be
considered in the computations carried out in this article, the

Ž .form of the function H j ,l is not specified.

Resulting equation and numerical solution
By rewriting Eq. 7 in spherical coordinates, at steady state,

and using the expressions derived in the previous paragraphs,
the following equation is obtained

2 1 ­ ­ c ­c
2j G j ,l qcŽ .2 ž /Pe ­j ­j ­jj

3 cos2 u y1 ­Ž .
3w xy cj 1y A j ,lŽ .� 42 ­jj

1y B j ,l ­Ž .Ž .
2q3 c sin u cos u s0 18Ž . Ž .

sin u ­u

where the Peclet number Pes Ea2rDD has been introduced0
and BCs 8 apply. Since most of the computations reported in
the following section are characterized by values of the Peclet
number larger than unity, in the above equation the tangen-
tial diffusion has been neglected. This is not the case for
the radial diffusion, which is larger due to the additional
contribution of the velocity induced by the interaction forces.
In cases where a Peclet number close to unity was consid-
ered, it was verified numerically that the tangential term
w Ž 2 2 .Ž .xw Ž .x1r a j sin u ­r­u sin u DD ­ cr­u is negligible with re-u

wŽ 2 2. Ž .xw 2 Ž .xspect to the radial one 1ra j ­r­j j DD ­ cr­j closer
to the collision surface, while the convective term prevails at
large interparticle separations. The negligibility of tangential
diffusion is furthermore supported by the findings of

Ž .Zinchenko and Davis 1994 for the case of drop coalescence.

Their results indicate that tangential diffusion contributes to
the aggregation rate by 2]3% only in the case of small Pe
and becomes completely negligible for Pe exceeding 5.

The algorithm developed to solve Eq. 18 consists of a first
step where the equation is solved along the radial direction
at u spr2. Here, since ® vanishes, Eq. 18 reduces to af ,u
second-order ordinary differential equation which is solved
by discretizing in the radial direction using central finite dif-
ferences and solving the resulting system of linear algebraic

Žequations through the routine DLSARB IMSL Fortran Nu-
.merical Libraries . Note that the integration field is divided

Ž .into two subdomains, one very narrow 2-j F3 close to
the collision surface where interparticle forces are significant

Žand where the discretization grid is rather fine that is, Dj s
y4.5=10 , and the other one for the remaining part of the

Ždomain, where a coarser discretization grid is used that is,
y2 .Dj s1=10 .

The obtained solution provides the initial condition for
the second step which consists in integrating Eq. 18 in the

Žtangential direction. In this case, the Gear method routine
.DIVPAG, IMSL Fortran Numerical Libraries is used. Con-

vergence of the algorithm is verified using an integral crite-
Ž .rion, that is, verifying that the computed flux b Eq. 9

through various surfaces enclosing the reference particle is
constant.

Ž .With respect to the application of the BCs 8 , a maximum
separation of 15 to 30 times the reference particle radius has
been considered. In addition, equiprobability of the pair

Ž .probability function that is, cs1 was imposed only in the
Ž .part of the boundary where the flux is incoming upstream ,

Ž .while the remaining part of the boundary downstream is
treated as an open one, that is, imposing continuity of pair
probability and flux across the boundary.

A final remark concerns the limitations of the numerical
algorithm, which exhibits convergence difficulties for values
of the Debye-Huckel parameter larger than 5=108 my1. For¨
this case, the double layer forces act over an extremely short
range and, therefore, the discretization procedure fails.

Results and Discussion
The behavior of the aggregation rate constant computed

through Eq. 9 is analyzed, using the pair probability function
c given by Eq. 18 as a function of the Peclet number for
various values of particle sizes, ionic strength, and surface
potentials, while in all cases constant values of the following
quantities have been used: dimensionless Hamaker constant

ŽHas1.58 corresponding to the case of polystyrene particles
. y3in aqueous solution , fluid viscosity ms10 Pa ? s, fluid

kinematic viscosity n s10y6 m2? sy1, dielectric constant x s
6.91=10y10C2?my2 ?Ny1, and temperature T s298 K. The
obtained results are compared with the predictions of the
limiting models discussed in the previous section for pure
peri- and orthokinetic aggregation.

Coupling between diffusi©e and con©ecti©e aggregation
mechanisms

The first case considered refers to relatively large particles
Ž .as100 nm; ls1 and unstable conditions, that is, small

Ž .electrostatic forces N s0.27, Fs1, and k as33.0 . In Fig-R
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Figure 3. Aggregation rate constant, b as a function of
extension rate, E for a fast aggregating sys-
tem.
Parameter values: as100 nm; ls1; N s 0.27; F s1; k asR

Ž . Ž . Ž .33.0. Rigorous model ` ; Eq. 20 ; Eq. 21 .

ure 3 it is seen that for small values of the extension rate, E
Ž .the aggregation rate computed by the rigorous model circles

approaches the pure perikinetic limit, where Eq. 4 holds. On
the other hand, in the limit of large E values, b varies non-
linearly with E, thus in disagreement with the Smoluchowski

Ž .analysis Eq. 5 . Actually, by fitting the rigorous model results
in the limit of large E values, the following empirical expres-
sion is obtained

b sg E0.86 19Ž .

Ž .Note that the value of the exponent of E 0.86 coincides
Ž .with the one obtained by Zeichner and Schowalter 1977

through a trajectory analysis. Using this expression for the
evaluation of the limiting convective value of b and adopting

Ž .the assumption of flux additivity Swift and Friedlander, 1964

8p DD a0 0.86b s b q b s qg E 20Ž .diff conv W

the continuous curve in Figure 3 is obtained. The good agree-
ment with the results of the rigorous model indicates that the
diffusive and convective mechanisms can be considered inde-
pendent of each other for unstable systems. For a compari-
son, in Figure 3, the results obtained by applying the flux
additivity assumption and evaluating b through Eq. 5conv

8p DD a0 3b s b q b s q a a E 21Ž .diff conv W

are also shown. It is seen that even in this simple case the
predictions given by this relation are rather poor.

The picture changes completely when considering more
stable systems, that is, with larger electrostatic forces, as the

Žone shown in Figure 4 as100 nm, ls1, N s2.39, Fs1R
.and k as10.4 . For this case, the aggregation rate vs. E curve

exhibits a sigmoidal shape which approaches the same limits
as in the previous case, that is, b for E™0 and b givendiff conv
by Eq. 19 for E™`. However, for this system, the additivity

Ž .assumption Eq. 20 leads to the values shown by the contin-
uous line in Figure 4 which exhibit large discrepancies from
the results of the rigorous model. Somehow better results are
obtained with the flux additivity assumption, when b isconv
computed more accurately, that is, by directly solving the fol-
lowing equation

1 j 1 ­
2j ® q ® c q ® c sin u s0 22Ž . Ž .Ž .int f , r f ,uj ­j sin u ­u

which is equivalent to Eq. 18 except for the diffusion term,
Žwhich is here neglected. The obtained results dashed line in

.Figure 4 differ again significantly from those of the rigorous
model, particularly in the region where the transition from
perikinetic to orthokinetic aggregation occurs. This indicates
that, for slowly aggregating systems, the diffusive and the
convective aggregation mechanisms interact with each other,
and, therefore, the flux additivity assumption is not valid. In
conclusion, the two simplified models above can only be re-
garded as upper and lower bounds for the aggregation rate
constant and, therefore, can be used only for extreme values
of the extension rate.

Finally, an example of calculated pair probability function
is shown in Figure 5 for three different values of the angle u .
An overshoot is evident in all examined cases, that is, the

Figure 4. Aggregation rate constant, b as a function of
extension rate, E for a slow aggregating sys-
tem.
Parameter values: as100 nm; ls1; N s 2.39; F s1; k asR

Ž . Ž .10.4. Rigorous model ` ; Eq. 20 ; trajectory analysis
Ž .qdiffusive contribution .
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Figure 5. Steady-state pair probability function, c as a
function of dimensionless particle separation,
j at three different values of the polar angle
u .
Parameter values: as100 nm; ls1; N s 2.39; F s1; k asR
10.4; Pes 4.58.

pair probability close to the reference particle becomes larger
than that at infinite distance. This apparently singular behav-
ior is the result of the interaction between convection and

Ždiffusion, as previously described in the literature Feke and
.Schowalter, 1983; Zinchenko and Davis, 1994 .

Effect of ionic strength
The effect of ionic strength is analyzed in Figures 6a and

6b, where the interparticle DLVO potential and the corre-
sponding aggregation rate constant are shown for various val-

Žues of the ionic strength as100 nm, ls1, N s2.39, Fs1R
.and k as4.7, 10.4, and 33.0, respectively . In agreement with

the perikinetic limit, in Figure 6b it is seen that for small
values of the extension rate, increasing values of the ionic
strength lead to larger values of the aggregation rate. On the
other hand, the behavior is reversed at larger values of E.
This can be qualitatively justified by considering that a de-
crease in the ionic strength leads to a smaller value of the

Ž .Debye-Huckel parameter see Eq. 15 , which, in turn, implies¨
both an increase in magnitude of the potential energy maxi-
mum, as well as its shift towards larger values of interparticle
separation, as shown in Figure 6a. The overall effect in the
case of a stagnant fluid is simply the increase of the stability
ratio, which leads to a decrease of the aggregation rate con-
stant. On the other hand, when convection is significant, it is
possible that even when the potential energy barrier is higher,
the probability that an incoming particle can surpass it can be
still higher, since, at larger separations, the particles have a
larger relative velocity. Therefore, the decreased ionic
strength may lead to larger aggregation rates. Finally, at very
high E values, ionic strength does not play any role, since the
velocity induced by interaction forces becomes negligible with
respect to that induced by the bulk fluid motion, and, in fact,
all curves in Figure 6b approach the same asymptote given by
Eq. 19 as E™`.

The discussion above leads to the conclusion that, at least
for the conditions investigated in this work, the aggregation
rate is more strongly affected by fluid motion in the case of
thick double layers, that is, for low values of ionic strength.

( ) ( )Figure 6. a Scaled potential energy of interaction c as a function of dimensionless particle separation j ; b
aggregation rate constant b as a function of extension rate E for different values of k a.
Parameter values: as100 nm; ls1; N s 2.39; F s1.R
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Figure 7. Aggregation rate constant b as a function of
Peclet number Pe for three systems at con-
stant value of the stability ratio W.
Ž . Ž . Ž .I N s1.53; k as1.2; II N s 2.39; k as10.4; III N sR R R
4.25; k as 44. Parameter values: as100 nm; ls1; F s1.

This is further demonstrated in Figure 7, where the aggrega-
tion rate constant values for three different operating condi-
tions are compared as a function of the Peclet number, Pes

2 ŽEa rDD . Different values of both ionic strength correspond-0
. Žing to k as1.2, 10.4 and 44.0 and surface potentials corre-

.sponding to N s1.53, 2.39 and 4.25, with Fs1 always wereR
selected in order to obtain in each case the same value of the
stability ratio W s3,868, but different values of the double
layer thickness. For case II, a significant deviation from the
pure Brownian aggregation occurs when the Peclet number
equals 2, corresponding to an approximate fivefold increase
in the aggregation rate constant. On the other hand, for case
III at the same Pe value, the aggregation rate increases only
by a factor two and we have to increase the Peclet number up
to 6 in order to have a comparable fivefold increase in the
aggregation rate constant. In case I, the fluid motion has a
very strong effect, so that at Pes2, the aggregation is al-
ready close to the limiting orthokinetic mechanism. Under
these conditions, the aggregation rate constant is 300 times
larger than the value corresponding to Brownian aggregation.

As expected, the Peclet number does not identify uniquely
the situation where convection starts to be important. From
Figure 7, it is seen that, depending on the intensity of the
interparticle forces, the Pe value, where convection starts to
play a role, changes by about two orders of magnitude. Since
it is convenient in applications to have an easy criterion to
establish whether or not the aggregation rate is affected by
fluid dynamics, a modified Peclet number is introduced. This
is done noting that there are two characteristic lengths in-

Žvolved in this process. In the case of a thin double layer k a
.)1 , the diffusion flux is proportional to DD rL, where the0

characteristic length Ls1rk is equal to the thickness of the
double layer. On the other hand, the convective flux is pro-
portional to the radial velocity ® which can be estimatedf ,r

from Eq. 10 at a particle distance aq1rk . Thus, the follow-
ing expression for the modified Peclet number Pe is obtained

E aq1rk 1qk aŽ .
Pes s Pe 23Ž .2k DD k aŽ .0

It is readily seen that with this new definition, Pe is equal to
the classical Peclet number multiplied by a correction factor.
This quantity, being a function of the dimensionless distance
of the potential energy maximum from the particle surface,
1rk a, reflects the interparticle interactions. It can be seen
that, when such a distance decreases and Pe is constant, the
value of Pe decreases, thus indicating that the extension rate
E should be increased in order for the convective mechanism
to affect the aggregation rate. This is coherent with the ob-
servation that the radial fluid velocity is lower closer to the
particle surface and, therefore, the convective contribution to
aggregation is smaller. The conclusion that Pe provides a bet-
ter indication on whether the aggregation rate is affected by
fluid dynamics is given in Figure 8, where the same values of
the aggregation rate constant, as in Figure 7, are plotted as a
function of the modified Peclet number Pe. It is seen that in
this case the three curves are brought much closer to each
other, and that the value Pes1 is well-centered in the mid-
dle of the transition from peri- to orthokinetic aggregation
regime. This result suggests Pe)0.1 as a general criterion for
the aggregation rate to be dependent on system fluid dynam-
ics. Finally, note that in this representation the asymptotic
behavior of the three curves for large Pe values is not coinci-
dent anymore, as it was in Figure 7. This is due to the fact
that interparticle forces do not affect the coagulation phe-
nomenon at such large values of Peclet number so that the
correction factor does not apply.

Figure 8. Aggregation rate constant b as a function of
the modified Peclet number Pe for three sys-
tems at constant value of the stability ratio W.
Parameter values as in Figure 7.
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( )Figure 9. Aggregation rate constant b as a function of particle size a ls1 for different values of the extension
( I1) ( ) ( )rate E s , and for thick a and thin b double layer.

Ž . y7 y1 8 y1 Ž . y7 y1 8 y1Parameter values: a N ras 2.39=10 m ; F s1; k s1.04=10 m and b N ras 4.25=10 m ; F s1; k s 4.40=10 m .R R

Effect of particle size
The behavior of the aggregation rate constant as a function

of particle size for various values of the extension rate is now
considered. For this case, the results in terms of dimensional
variables are presented in order to give a better reference to
measurable quantities. The case of a moderately thick double

Ž y7 y1 8 y1.layer N ras2.39=10 m , Fs1, k s1.04=10 m isR
illustrated in Figure 9a, where the model results for Es0,
2,000 and 5,000 sy1 are shown. The aggregation rate constant
decreases as particle size increases in the case of moderate
rates of extension. On the other hand, at larger extension
rates, the curves exhibit a minimum which shifts towards
smaller values of particle radii for larger values of the exten-
sion rate. This behavior can be explained by considering that,
as the particle size increases, the potential energy of repul-
sion increases, thus making aggregation less likely. This effect
dominates for low rates of extension, and, in fact, in Figure
9a for Es0, the value of b decreases continuously as parti-
cle size increases. For larger values of the extension rate, the
convective mechanism of aggregation becomes more impor-
tant, particularly for large particles. As can be seen in Figure
9a, for sufficiently large particle sizes, the aggregation rate
constant increases with particle size, and this occurs the
sooner the larger the value of E. Note that the particle size
value where this phenomenon occurs, which corresponds to
the location of the minimum in the curve with E)0, can be
regarded as a critical particle size, since beyond this value
particle aggregation is favored for larger particles. This may
explain the formation of few and very large pieces of coagu-
lum often encountered in applications. An approximate esti-
mation of such a critical size can be obtained from the modi-
fied Peclet number defined in Eq. 23. For example, in the
case of Es5,000 sy1 shown in Figure 9a, the critical particle

size is about 50 nm, which corresponds to a modified Peclet
number close to unity: Pes1.25.

However, since the aggregation of particles with thin dou-
ble layers is only slightly sensitive to fluid motion, it follows

Ž y7 y1that the curves in Figure 9b N ras4.25=10 m , Fs1,R
8 y1.k s4.40=10 m exhibit a monotonously decreasing be-

havior. Note that this result is in good agreement with the
criterion developed in the previous section to find out the
effect of fluid dynamics on particle aggregation. The calcu-

Žlated values of the modified Peclet number Pes0.4 for the
.larger size considered, that is, 120 nm indicate a moderate

effect of fluid dynamics, so that the presence of a minimum
in the aggregation rate constant for Pe around 1 is not ex-
pected.

Conclusion
In this work, the effect of hydrodynamics on the aggrega-

tion of small particles subject to interaction forces of DLVO
type was investigated theoretically. For this, the steady-state
convection-diffusion equation was developed and solved, ex-
pressing the pair probability as a function of relative position
for a two particle system embedded in an extensional flow
field. Such a flow field was chosen in order to best simulate
the turbulent conditions for particles having diameters smaller
than the Kolmogorov scale. From the solution of this equa-
tion, it is possible to compute the aggregation rate constant,
which is the key input parameter used in population balance
equations to compute the time evolution of the PSD in aggre-
gating systems.

Several simulations were performed to investigate the ef-
fect of various operating parameters of interest in applica-
tions such as particle size, ionic strength and mixing intensity
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on the aggregation rate constant. In all cases it was found
that the results of the rigorous model approach the limits of
peri- and orthokinetic aggregation, as described by simpler
models previously developed in the literature, for very small
and very large values of the Peclet number, respectively.
However, in general, only the rigorous model results are
available for intermediate values. In particular, for fast ag-
gregating systems it has been shown that the diffusive and
convective contributions to the aggregation rate are indepen-
dent, so that the additivity assumption for the fluxes can be
used to calculate the overall aggregation rate for intermedi-
ate values of the extension rate. On the other hand, more
stable systems exhibit a strong nonlinear coupling between
convection and diffusion which causes the flux additivity as-
sumption to fail.

The performed simulations allow to conclude that the ef-
fect of hydrodynamics is more pronounced in the case of
long-range electrostatic forces, that is, when the ionic strength
is low and, therefore, the double layer is thick. Consequently,
for these systems, large increases in the magnitude of the
aggregation rate constant are possible even when the Peclet
number is rather small. On the other hand, stable systems
characterized by thin double layers seem to exhibit weak
sensitivity to fluid bulk motion. In order to provide a quick,
approximate criterion for determining whether or not fluid
dynamics affects the aggregation rate, a modified expression

Ž .of the Peclet number Pe was introduced see Eq. 23 , which
accounts to a certain extent for the presence of interparticle
forces. For all simulations reported in this work, it was found
that the condition Pe-0.1 allows to exclude all those operat-
ing conditions where fluid dynamics affects aggregation.

Another result of this analysis is that fluid motion can
strongly affect the aggregation of very small particles, whose
behavior instead often in the literature is considered to be
independent of shear. In particular, it is found that for re-
latively large extension rates, the aggregation rate constant
exhibits a minimum when plotted against particle size. This
indicates the existence of a critical particle size, above which
the aggregation rate constant becomes larger for larger parti-
cles, thus leading to some kind of ‘‘runaway’’ of the aggrega-
tion phenomenon, which would lead to few but very large
pieces of coagulum, such as those often encountered in appli-
cations. It is shown that this behavior is not exhibited by sys-
tems with a thin double layer.
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Notation
Ž .asreference particle radius, s a q a r21 2

a sradius of particle ii
Ž . Ž .A r, l shydrodynamic function for radial velocity cf. Appendix
Ž . ŽB r, l shydrodynamic function for tangential velocity cf. Ap-

.pendix
escharge of electron

F sinteraction forceint
Ž . Ž .G r, l shydrodynamic function for radial diffusion cf. Appendix
Ž .H r, l shydrodynamic function for tangential diffusion

msparticle mass
N sAvogadro numberA

r sradial coordinate
tstime

T stemperature
Ž .a sconstant of proportionality Eq. 5
Ž .g sconstant of proportionality Eq. 19

Ž .hsKolmogorov scale Eq. 6
f ssurface potentials
c sinteraction potential energy

c srepulsive interaction potential energyR

Subscripts and superscripts
0sbulk conditions
r sradial direction
u stangential direction
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Table 1. Numerical Values of the Coefficients in Eq. A1

( )Hydrodynamic Function A j , ls1
i ai
1 113.2568893
2 307.8264828
3 y2,607.54064288
4 3,333.72020041

( )Hydrodynamic Function B j , ls1
i b c di i i
1 0.96337157 1.90461683 y1.99517070
2 y0.93850774 1.90378420 2.01254004

Appendix
Ž .Batchelor and Green 1972 solved numerically the equa-

tion of motion for two equal-sized spherical particles in a
linear flow field. The obtained values of the hydrodynamic

Ž . Ž .interaction functions A j , ls1 and B j , ls1 have been
interpolated through the following algebraic expressions

4 2a bi i
A j , ls1 s ; B j , ls1 sŽ . Ž .Ý Ýiq4 dij j ycŽ .is1 is1 i

A1Ž .

The numerical values of the coefficients a to d are sum-i i
marized in Table 1. The agreement between the numerical

Ž .values reported by Batchelor and Green 1972 and those cal-
culated through Eq. A1 is shown in Figures 10a and 10b. Note
that, for the hydrodynamic function B, a good agreement is
observed also at small gaps between the two particles, where
an abrupt change takes place.

Ž .Following Honig et al. 1971 , the following expression ap-
Ž .plies to the evaluation of the hydrodynamic function G j , l

for equal sized particles

6h2 q4h
G j , ls1 s A2Ž . Ž .26h q13hq2

where hsj y2.
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